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Example
If

H(a) =

b c d
e f g
h i j

 ,

then the leading principal minors are

det

(
b c
e f

)
, det

(
b
)
= b.

Therefore, if det
(
b
)
< 0, det

(
b c
e f

)
> 0, and detH(a) < 0, then

a is a local maximum.
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Problem

Find local minima and maxima of f (x) in Rn such that x satisfies

gj(x) = cj , j = 1, . . . ,m < n.
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Find critical points

Find x ∈ Rn and λ1, . . . , λm ∈ R such that

∇L(x) = 0

and
gj(x) = cj ,

where L(x) = f (x) +
∑m

j=1 λjgj(x).
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Check whether critical points are degenerate

Let HL be the Hessian of L and define

B = ∇g =


∂g1
∂x1

· · · ∂gm
∂x1

...
. . .

...
∂g1
∂xn

· · · ∂gm
∂xn

 .

The bordered Hessian is

H =

(
HL B
BT 0

)
.

If detH ̸= 0 at a critical point a, then a is a nondegenerate critical
point.
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Minimum vs Maximum

Let a be a nondegenerate critical point. We say that h is a tangent
vector if hT∇g = 0.

If
hTHLh ≥ 0

for all tangent vectors at a, then a is a local minimum.
If

hTHLh ≤ 0

for all tangent vectors at a, then a is a local maximum.
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